Abstract. The main result of this paper is the following theorem: Given δ, 0 < δ <
but the norm of any left inverse for F is at least [δ/(1 − δ)] −n ≥ ( 3 2 δ) −n . This gives a lower bound for the solution of the Matrix Corona Problem, which is pretty close to the best known upper bound C · δ −n−1 log δ −2n obtained recently by T. Trent [Tre] . In particular, both estimates grow exponentially in n; the (only) previously known lower bound Cδ −2 log(δ 2 n + 1) (obtained by the author [Tr1]) grows logarithmically in n. Also, the lower bound is obtained for (n+1)× n matrices, thus giving a negative answer to the so-called "codimension one conjecture." Another important result is Theorem 2.4 connecting left invertibility in H ∞ and co-analytic orthogonal complements.
Notation

D
Open unit disk in the complex plane C, D := {z ∈ C : |z| < 1};
H 2 , H ∞ Hardy classes of analytic functions,
Hardy classes can be identified with spaces of analytic in the unit disk D functions: in particular, H ∞ is the space of all bounded analytic in D functions; S. Treil is partially supported by the NSF grant DMS-0200584. 
If dim E = n < ∞, dim E * = m < ∞,we often identify E with C n and E * with C m and use symbol H ∞ m×n . H Φ , T Φ Hankel and Toeplitz operators with symbol Φ.
Throughout the paper all Hilbert spaces are assumed to be separable. We always assume that in any Hilbert space an orthonormal basis is fixed, so any operator A : E → E * can be identified with its matrix. Thus besides the usual involution A → A * (A * is the adjoint of A), we have two more: A → A T (transpose of the matrix) and A → A (complex conjugation of the matrix), so A * = (A) T = A T . Although everything in the paper can be presented in invariant, "coordinate-free" form, use of transposition and complex conjugation makes the notation easier and more transparent. 
The equations of type (B) are sometimes called in the literature Bezout equations, and "B" here is for Bezout. The simplest necessary condition for (B) is
(the tag "C" is for Carleson).
If the condition (C) implies (B), we say that the operator (matrix) corona theorem holds.
The operator corona theorem plays an important role in different areas of analysis, in particular in operator theory (angles between invariant
